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Cover-Free Families

DefiniCon: Let d be a posi=ve integer. A d-cover-free family, denoted , is a 
set system  with  and  such that for any 

 subsets , we have: 

 

No element is covered by the union of any d others.

d − CFF(t, n)
ℱ = (X, ℬ) |X | = t ℬ = {B1, B2, …, Bn}

d + 1 Bi0, Bi1, …, Bid ∈ ℬ

Bi0\(
d

⋃
j=1

Bij) ≥ 1.

* Equivalent to disjunct matrices and superimposed codes. 

1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

B1 B2 B3 B4 B5 B6

1
2
3
4

{X
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B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 B11 B12

1

2

3

4

5

6

7

8

9

B1 ∪ B2 = {1,2,3,4,5,6}

B3 − (B1 ∪ B2) = {7,8,9}

B4 − (B1 ∪ B2) = {7}

B5 − (B1 ∪ B2) = {8}
B6 − (B1 ∪ B2) = {9}
B7 − (B1 ∪ B2) = {9}
B8 − (B1 ∪ B2) = {7}
B9 − (B1 ∪ B2) = {8}
B10 − (B1 ∪ B2) = {8}
B11 − (B1 ∪ B2) = {9}
B12 − (B1 ∪ B2) = {7}

1 1 1 1
1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1
1 1 1 1

X = {1,2,…,9}
ℬ = {B1, …, B12}



Constructing CFFs
Bounds

• Minimize t for given n and d 

•  

• When , Sperner’s construc=on gives  when ; 

• For , the best known lower bound on  for d-CFF(t, n) is: 

t(d, n) = min{t : ∃ d-CFF(t, n)}

d = 1 t(1,n) ∼ log2 n n → ∞

d ≥ 2 t

t(d, n) ≥ c
d2

log d
log n

1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

t

n



Sperner construction
d = 1

• For a given n, choose the smallest t such that  

 

• Consider  

•  is the list of all subsets of X with cardinality 

n ≤ ( t
⌊t/2⌋)

X = {1,2,…, t}

ℬ = {B1, B2, …, Bn} ⌊t/2⌋



Sperner construction
d = 1

For n = 6, t = 4: 

 

For n = 100, t = 9: 

 

For n = 1500, t = 13: 

6 = (4
2)

100 ≤ (9
4)

1500 ≤ (13
6 )

1 1 1 0 0 0

1 0 0 1 1 0

0 1 0 1 0 1

0 0 1 0 1 1

1 – CFF(4, 6)

B1 B2 B3 B4 B5 B6

1

2

3

4

B1 = {1,2}
B2 = {1,3}
B3 = {1,4}
B4 = {2,3}
B5 = {2,4}
B6 = {3,4}

X = {1,2,3,4}
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Two infected people can cover a healthy one
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Model the problem using hypergraphs  

• Ver=ces  items/columns of the CFF 

• Edges  poten=al clusters of items / communi=es  

Propose construc=ons that take  into considera=on  

•        (vertex-iden=fying CFF) 

•     (edge-iden=fying CFF)

ℋ = (V, ℰ)

→

→

ℋ

(ℰ, r) − CFF(t, n)

(ℰ, r) − ECFF(t, n)

CFFs on hypergraphs



Vertex-identifying CFFs
(ℰ, r) − CFF(t, n)

DefiniCon: Let  and  be integers. Let  be a hypergraph 
with n ver=ces and m edges. A set system ,  is a 

 if, for any set of r edges , and for any  
and any , we have 

n, t > 0 r ≥ 0 ℋ = ([1,n], ℰ)
ℱ = ([1,t], ℬ) ℬ = {B1, …, Bn}

(ℰ, r) − CFF(t, n) {e1, …, er} ⊆ ℰ I ⊆ ∪r
j=1 ej

i0 ∈ [1,n]∖I

Bi0\(⋃
i∈I

Bi) ≥ 1.

In other words: we can iden=fy all infected ver=ces, as long as there are at 
most r infected edges that jointly contain them



Edge-identifying CFFs
(ℰ, r) − ECFF(t, n)

DefiniCon: Let  be as in the previous defini=on. The set systems is an 
 if for any set of  edges , , and any 

, we have 

r, n, t, ℋ, ℱ
(ℰ, r) − ECFF(t, n) ℓ {e1, …, eℓ} ⊆ ℰ ℓ ≤ r
i0 ∉ E = ∪ℓ

j=1 ej

Bi0\(⋃
i∈E

Bi) ≥ 1.

In other words: we can iden=fy all infected edges, as long as there are at most r of them



• Overlapping and non-overlapping edges: 

• Minimize the number of rows t: 

                 

                

t(r, ℰ) = min{t : ∃ (ℰ, r)-CFF(t, n)}

tE(r, ℰ) = min{t : ∃ (ℰ, r)-ECFF(t, n)}

A bit more detail… 



Related Work

• Several works on CGT for COVID-19 tes=ng  

• Some solu=ons modeled as hypergraphs 

• Community-aware group tes=ng (Nikolopoulos et al., 2021) 

• Connected and overlapping communi=es  

• Generalized group tes=ng (Gonen et al., 2022 , Vorobyev, 2022,  De Bonis, 2024) 
• Edges are all poten=ally contaminated sets 

• Our work: focus on the construc=on of CFFs on hypergraphs: 

• Variable CFFs in Cryptography (Idalino, 2019) 

• Structure-Aware Combinatorial Group Tes=ng (Idalino, Moura, 2022) 

• Combinatorial group tes=ng and cover-free families on hypergraphs (Idalino, Moura, 2025?)
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1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

One column per classroom
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Classroom 1 Classroom 2 Classroom 3 Classroom 4 Classroom 5 Classroom 6

The school problem
Non-overlapping edges, r = 1
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0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 1 1 1 1
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1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 1 1 1 1

FAIL 
FAIL 
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(ℰ,1) − ECFF(4,24)

The school problem
Non-overlapping edges, r = 1

Edge-idenCfying CFF



Generalizing the idea..

• Let  be a hypergraph with m disjoint edges of cardinality k 

• Construct  as follows: 

• Step 1: pick a good  

• Step 2: repeat each column k =mes 

• We have 

ℋ = ([1,n], ℰ)

(ℰ,1) − ECFF(t, n)

1 − CFF(t, m)

tE(1,ℰ) = t(1,m) = Θ(log m)

1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

111111111111000000000000
111100000000111111110000
000011110000111100001111
000000001111000011111111

e1 e2 e3 e4 e5 e6

 (ℰ,1) − ECFF(t, n)



1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 1 1 1 1
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1

The school problem
Non-overlapping edges, r = 1



1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 1 1 1 1

FAIL 
FAIL 

FAIL 

FAIL 

PASS 
PASS 

PASS 

PASS 

(ℰ,1) − CFF(8,24)

1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1

The school problem
Non-overlapping edges, r = 1

Vertex-idenCfying CFF



Generalizing the idea..
(ℰ,1) − CFF(t, n)

• Let  be a hypergraph with m disjoint edges of cardinality k 

• Construct  as follows: 

• Step 1: pick a  

• Step 2: repeat each column k =mes  

• Step 3: append m iden=ty matrices of dimension k  

• We have 

ℋ = ([1,n], ℰ)

(ℰ,1) − CFF(t, n)

1 − CFF(t, m)

t(1,ℰ) ≤ t(1,m) + k = Θ(log m + k)



Wait.. that is actually good!

• Let  be a hypergraph with m disjoint edges of cardinality k 

• We constructed an  with only  tests 

• to test  ver=ces 

• and iden=fy up to k infected ones, as long as they are all inside  edge 

• We would need a tradi=onal k-CFF(t, n)  to iden=fy k infec=ons 

•

ℋ = ([1,n], ℰ)

(ℰ,1) − CFF(t, n) Θ(log m + k)

n = mk

r = 1

t(d, n) ≥ c
k2

log k
log n

(ℰ,1) − CFF(t, n)



Comparison with tradiConal k − CFF(t, n)

n m k
100 10 10 15 66
200 10 20 25 180
300 10 30 35 231
100 20 5 11 21
200 20 10 16 66
400 20 20 26 231

Wait.. that is actually good!

(ℰ,1) − CFF(t, n) k − CFF(t, n)

Total number of students
Number of classrooms

Classroom size

Lower bound
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The school problem
What if more classrooms are infected?

• This is the case  

• We can have  

• And also 

r ≥ 2

(ℰ, r) − ECFF(t, n)

(ℰ, r) − CFF(t, n)



Generalizing the idea.. further

• Let  be a hypergraph with m disjoint edges of cardinality k 

• Construct  as follows: 

• Step 1: pick a good  

• Step 2: repeat each column k =mes 

• We have 

ℋ = ([1,n], ℰ)

(ℰ, r) − ECFF(t, n)

r − CFF(t, m)

tE(r, ℰ) = t(r, m)

1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

111111111111000000000000
111100000000111111110000
000011110000111100001111
000000001111000011111111

e1 e2 e3 e4 e5 e6

The edge-idenCfying CFF, r ≥ 2



(ℰ, r) − CFF(t, n)
The vertex-idenCfying CFF, r ≥ 2

• Propose some construc=ons of  

• For m classrooms of k students each 

• Iden=fy  infected classrooms and everyone inside them 

• Generaliza=on of Li, van Rees and Wei (2006) 

• Uses an  to build  and  

• Allows edges of different cardinali=es

(ℰ, r) − CFF

r

r − CFF(t, m) (𝒮, r) − ECFF(t, km) (𝒮, r) − CFF(kt, km)



(ℰ, r) − CFF(t, n)
The vertex-idenCfying CFF, r ≥ 2

• Propose some construc=ons of  

• For m classrooms of k students each 

• Iden=fy  infected classrooms and everyone inside them 

• Generaliza=on of Li, van Rees and Wei (2006) 

• Uses an  and  to build  

• Allows edges of different cardinali=es

(ℰ, r) − CFF

r

r − CFF(t, m) (r − 1) − CFF(t, m) (ℰ, r) − CFF(kt, km)



Bounds for CFFs on hypergraphs
Non-overlapping edges

n = m × k
 edges with  vertices eachm k
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Overlapping edges

• Propose construc=ons inspired by the non-overlapping ones 

• Use edge-colouring to par==on the edges into sets of non-overlapping edges 

• Edge-colouring: no vertex is incident to more than one edge of the same colour 

• Strong edge-coloring: any two ver=ces belonging to dis=nct edges with the same 
colour are not adjacent.



Overlapping edges

• Construc=on of  and  based on edge-colouring 

• Construc=on of  based on strong edge-colouring 

• Defect cover: a set of at most  edges whose union contains the set of infected 
elements 

• We can handle many infected edges, as long as the size of the defect cover is

(ℰ,1) − CFF (ℰ,1) − ECFF

(ℰ, r) − CFF

r

≤ r
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The high school problem

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

16 17 18

Morning classes:

n = 18 students, 6 classrooms, 3 students each 

edge 1 edge 2 edge 3

edge 4 edge 5 edge 6

r = 1



The high school problem

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

16 17 18

Afternoon classes:

n = 18 students, 6 classrooms, 3 students each 

edge 7 edge 8 edge 9

edge 10

edge 11 edge 12

r = 1



The high school problem

1 2 3

4 5 6

7 8 9

10 11 12

13 14 15

16 17 18

Total:

n = 18 vertices, m = 12 edges with k = 3 students each, and  colour classes  and ℓ = 2 𝒞1 𝒞2

r = 1



Overlapping edge construction
𝒞1

1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

𝒞2
edge 1 edge 2 edge 3 edge 4 edge 5 edge 6 edge 7 edge 8 edge 9 edge 10 edge 11 edge 12

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1    2    3    4   5    6   7   8    9

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

1    2    3    4   5    6   7   8    9

1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

10 11 12  13  14 15  16  17  18 10 11 12  13  14 15  16  17  18



Overlapping edge construction
𝒞1

1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

𝒞2

edge 1 edge 2 edge 3 edge 4 edge 5 edge 6 edge 7 edge 8 edge 9 edge 10 edge 11 edge 12

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1    2    3    4   5    6   7   8    9

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

1    2    3    4   5    6   7   8    9

1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

10 11 12  13  14 15  16  17  18 10 11 12  13  14 15  16  17  18

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0
0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 1 1



Overlapping edge construction

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1    2    3    4   5    6   7   8    9

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

10 11 12  13  14 15  16  17  18

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0
0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 1 1

(ℰ,1) − CFF(t, n)

r = 1



Overlapping edge construction

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1    2    3    4   5    6   7   8    9

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

10 11 12  13  14 15  16  17  18

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0
0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 1 1

(ℰ,1) − CFF(t, n)

Inside an infected edge, 
we can identify precisely the 

infected students 

}

}
}
}Identify the infected edge

r = 1



Overlapping edge construction

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1    2    3    4   5    6   7   8    9

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

10 11 12  13  14 15  16  17  18

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0
0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 1 1

Edges 1, 7 and 8 are infected


(ℰ,1) − CFF(t, n)

1

7

8

r = 1



Overlapping edge construction
1    2    3    4   5    6   7   8    9 10 11 12  13  14 15  16  17  18

Edges 1, 7 and 8 are infected,  
students 4-18 are cleared out

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0
0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 1 1

(ℰ,1) − CFF(t, n)

r = 1



Overlapping edge construction

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 1 1

1    2    3    4   5    6   7   8    9

1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0
1 1 0 1 0 0 0 0 0 1 1 1 1 0 1 0 0 1
0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1 1 1
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 1 0

10 11 12  13  14 15  16  17  18

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1

1 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 1 0 0
0 0 0 1 0 0 1 0 1 0 0 0 0 0 1 0 1 1

Inside an infected edge, 
we can identify precisely the 

infected students 

(ℰ,1) − CFF(t = 2 × (4 + 3), n = 18)

}

}

Edges 1, 7 and 8 are infected,  
students 4-18 are cleared out

(ℰ,1) − ECFF(t = 2 × 4,n = 18)

r = 1



Overlapping edge construction
r = 1

• Let  be a hypergraph with m edges of cardinality k 

• And let  be its edge chroma=c number, with colour classes  

• We constructed an   

•  

• We constructed a   

•

ℋ = ([1,n], ℰ)

χ(ℋ) = ℓ 𝒞1, …, 𝒞ℓ

(ℰ,1) − ECFF(t, n)

tE(1,ℰ) ≤ ℓ × t(1,m) ≈ ℓ × log m

(ℰ,1) − CFF(t, n)

t(1,ℰ) ≤ ℓ × (t(1,m) + k) ≈ ℓ × (log m + k)



For a larger high school

• Total of  students 

• Each student takes  courses (4 colour classes) 

• Each course has  students (cardinality of the edges) 

• Total of  courses (edges) 

• Each color class has  edges 
• Construc=on: 

• Use  

•  tests to detect the infected edge 

•  tests to iden=fy all 
infected students in the infected edge

n = 900
ℓ = 4

k = 30
m = 120

120/4 = 30

1 − CFF(7,30)
ℓ × t(1,m) = 4 × 7 = 28
ℓ × (t(1,m) + k) = 4 × (7 + 30) = 148

r = 1



Overlapping edge construction
r ≥ 2

• Generaliza=on for  using strong edge-colouring 

• At most  edges  contain all infected individuals 

• There are at most  edges in each  that intersect   

•  contains at most  infected edges 

• Use a combina=on of  and  

•  with , max edge in colour class 

(ℰ, r) − CFF(t, n)

r I = {e1, e2, …, er}

r 𝒞i I

𝒞i r
r − CFF(t, |𝒞i | ) (r − 1) − CFF(t′ , |𝒞i | )

(ℰ, r) − CFF(t, n) t ≤
ℓ

∑
i=1

(ti + kit′ i) ki = 𝒞i



• The problem of combinatorial group tesCng in pandemic screening 

• Study of CFFs on hypergraphs 

• Non-overlapping edges 

• Overlapping edges 

• Some other cases 

• Applica=ons in cryptography 

In this talk 1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

1. Bardini Idalino, T., Moura, L. Structure-Aware Combinatorial Group Tes=ng: A New Method for PandemicScreening. In: IWOCA 2022. 
Lecture Notes in Computer Science, vol 13270. Springer, Cham. h9ps://doi.org/10.1007/978-3-031-06678-8 

2. Bardini Idalino, T., Moura, L. Combinatorial group tes=ng and cover-free families on hypergraphs. 2025[Unpublished manuscript].

https://doi.org/10.1007/978-3-031-06678-8


Some other cases
ConsecuCve infecCons

• In some scenarios, infec=ons happen with people who are seated close to each other



Some other cases
ConsecuCve infecCons

• In some scenarios, infec=ons happen with people who are seated close to each other



Some other cases
ConsecuCve infecCons

• In some scenarios, infec=ons happen with people who are seated close to each other 

• We consider consecu3ve hypercube hypergraphs 

• Ini=al results on CFFs for this case using vertex colouring



Some other cases
The Swiss-Army-Knife CFF

• In some scenarios, we don’t know which CFF to use 

• We focus on construc=ons for CFFs on hypergraphs that hold several purposes 

• For example, a matrix can be at the same =me: 

• an   

• a   

• A tradi=onal  

•

(ℰ, r+) − ECFF(t, n)
(ℰ, r−) − CFF(t, n)

d − CFF(t, n)

r+ > r− > d



Some other cases
The Swiss-Army-Knife CFF



Some other cases
The Swiss-Army-Knife CFF

1 − CFF(10,25)



Some other cases
The Swiss-Army-Knife CFF

1 − CFF(10,25)



Some other cases
The Swiss-Army-Knife CFF



Some other cases
The Swiss-Army-Knife CFF

(ℰ,5) − ECFF(10,25)



Some other cases
The Swiss-Army-Knife CFF

(ℰ,1) − CFF(10,25)



Some other cases
The Swiss-Army-Knife CFF

(ℰ,1) − CFF(10,25)



• The problem of combinatorial group tesCng in pandemic screening 

• Study of CFFs on hypergraphs 

• Non-overlapping edges 

• Overlapping edges 

• Some other cases 

• Applica=ons in cryptography 

In this talk 1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1

1. Bardini Idalino, T., Moura, L. Structure-Aware Combinatorial Group Tes=ng: A New Method for PandemicScreening. In: IWOCA 2022. 
Lecture Notes in Computer Science, vol 13270. Springer, Cham. h9ps://doi.org/10.1007/978-3-031-06678-8 

2. Bardini Idalino, T., Moura, L. Combinatorial group tes=ng and cover-free families on hypergraphs. 2025[Unpublished manuscript].

https://doi.org/10.1007/978-3-031-06678-8


Applications in Cryptography
• Fault-tolerant Digital Signatures 

• Fault-tolerant digital signatures 
• Idalino, Moura, Custodio, Panario (2015), Idalino, Moura, Adams, (2019) 

• Fault-tolerance in aggrega=on of signatures 
• Zaverucha, S=nson (2010). Idalino (2015). Hartung, Kaidel, Koch, Koch, Rupp (2016). Idalino, Moura (2018, 2021) 

• Fault-tolerance in batch verifica=on  
• Pastuszak, Pieprzyk (2000). Zaverucha, S=nson (2009). 

• Post-quantum one-Cme and mulCple-Cmes signature schemes  
• Pieprzyk, Wang, Xing (2003). Zaverucha and S=nson, (2011). Kalach and Safavi-Naini (2016). 

• Key distribuCon 
• Key distribu=on pa9erns 

• Mitchell and Piper (1988) 
• Broadcast authen=ca=on 

• Safavi-Naini and Wang (1998) . Ling, Wang, Xing (2007). 
• Broadcast encryp=on 

• Gafni, Staddon, Yin (1999). D’Arco and S=nson (2003) 
• Traitor Tracing 

• S=nson and Wei (1998). Tonien and Safavi-Naini (2006) 

• and many many others..

More details:  
IDALINO, T. B.; MOURA, L., A Survey of Cover-Free Families: Construc=ons, Applica=ons, and Generaliza=ons. New Advances in Designs, Codes and Cryptography. 86 (2024), 



Applications in cryptography

Sign Verify



Applications in cryptography

m1

m6

m2

m3

m5

1 1 1 0 0 0

1 0 0 1 1 0

0 1 0 1 0 1

0 0 1 0 1 1
d-CFF

m1 m2 m3 m5 m6m4

m4

Sign

m1

m6

m2

m3

m5

m4

Verify

1 1 1 0 0 0

1 0 0 1 1 0

0 1 0 1 0 1

0 0 1 0 1 1

m1 m2 m3 m5 m6m4

m′ 1

m′ 6

m′ 2

m′ 3

m′ 5

m′ 4
?=



Applications in cryptography

• Once modifica=ons happened, it is natural to expect that they will happen in clusters 
of blocks 

• This applica=on was studied under the name of variable CFFs * 

• It is natural to model these clusters of modifica=ons using hypergraphs

m′ 1

m′ 6

m′ 2

m′ 3

m′ 5

m′ 4

* Idalino, T.B.: Fault tolerance in cryptographic applications using cover-free families. Ph.D. thesis, University of Ottawa, Canada (2019)



• The problem of combinatorial group tesCng in pandemic screening 

• Naturally model close contacts using hypergraphs 

•  Construc=on of CFFs on hypergraphs 

• Vertex-iden=fying and edge-iden=fying CFFs 

• Overlapping and non-overlapping edges 

In this talk

1. Bardini Idalino, T., Moura, L. Structure-Aware Combinatorial Group Tes=ng: A New Method for PandemicScreening. In: IWOCA 2022. 
Lecture Notes in Computer Science, vol 13270. Springer, Cham. h9ps://doi.org/10.1007/978-3-031-06678-8 

2. Bardini Idalino, T., Moura, L. Combinatorial group tes=ng and cover-free families on hypergraphs. 2025[Unpublished manuscript].

https://doi.org/10.1007/978-3-031-06678-8


Future work on structure-aware CFFs

• Explore other constraints of the applica=ons 

• Limit on number of 1s per row and/or column 

• Generalize defini=ons to allow flexible internal iden=fica=on 

• Assume a bound on the number of infected items inside an edge (instead of edge size) 

• Explore probabilis=c construc=ons 

• Explore prac=cal applica=ons in other scenarios



Combinatorial group testing on hypergraphs
Thaís Bardini Idalino 

Universidade Federal de Santa Catarina - Brazil
O9awa Mathema=cs and Sta=s=cs Conference 

May 2025

Thank you!

Thais Bardini Idalino - thais.bardini@ufsc.br 
Lucia Moura - lmoura@uo_awa.ca 
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